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The hydrodynamic stability of a plane f lame front has been studied 
by L. D. Landau in [1], where it was shown that it is absolutely un-  
stable. 

The aim of this note is to clarify the irffluence of the hydrodynamic 
field curvature on f lame stability. Flame stability is analyzed within 
the framework of Landau's theory, in which the f lame front is repre- 
sented by a surface on which the velocity, density, and temperature 
values experience discontinuities. Viscosity, diffusion, and heat con- 
duction are neglected. The front moves at a given constant velocity 
relative to the gas. The gas is assumed to be incompressible in front 
of and behind the front. 

It is shown that fields exist which will both stabilize and destabiIize 
the gas. A cylindrical flame formed by a concentrated source of given 
intensity is examined (two-dimensional problem). Flame stability is 
studied for the case of a perturbed flame front. It is shown that in this 
case, the hydrodynamic field has the effect of stabilizing the flame. 
For the first perturbation harmonics, the destabilizing effect of gas 
expansion appears to be relatively weak compared to the stabilizing 
effect of the velocity field. The first perturbation harmonics atten- 
uate. The destabilizing effect of the velocity field is demonstrated 
by an example in which the radial flow of the fresh mixture is ap- 
plied externally, and there exists a concentrated sink flow for the 
combustion products. 

w The  h y d r o d y n a m i c  p a t t e r n  of an  u n p e r t u r b e d  
c y l i n d r i c a l  f l a m e ,  in t he  p o l a r  c o o r d i n a t e s  r and  ~ h a s  
t he  f o r m  

q 
~)rl ~ = ~ 

aP~~ - -  4 ~ r  3 { 2np~s~Q ~ R )  

o Q aP~ ~ Q (R~<r )  (1.1) 
t)r~ = 27fp~r ' Or - - ~  

w h e r e  v r i s  t he  r a d i a l  v e l o c i t y  c o m p o n e n t  of t he  ga s ,  
S is  t he  f l a m e  v e l o c i t y  r e l a t i v e  to t h e  g a s ,  p is  t h e  

g a s  d e n s i t y ,  P is  t h e  p r e s s u r e  in t he  g a s ,  Q i s  t he  
i n t e n s i t y  of the  f r e s h - m i x t u r e  s o u r c e ,  and  R is  t h e  

r a d i u s  of the  u n p e r t u r b e d  f l a m e  f r o n t  ( a l l  t h e  f r e s h -  
m i x t u r e  p a r a m e t e r s  a r e  d e n o t e d  by  s u b s c r i p t  1, 
w h i l e  s u b s c r i p t  2 d e n o t e s  the  c o m b u s t i o n - p r o d u c t  
p a r a m e t e r  s ). 

The  s t a b i l i t y  a n a l y s i s  wi l l  be  b a s e d  on t he  e q u a t i o n  

i 0T OA~ 
= 0  r Or O(p 

\ 

vr - - - -~  -~r) " ( 1 . 2 )  

f o r  t he  s t r e a m  f u n c t i o n  ~I, 

OAIF i O W  OAT 
at -}- 7 a~p Or 

t OlF 
l) r - -  r arp ' 

The Euler equation provides a relation between ~I, 
and l~ 

at Sr -~- r Or Or2 

t a T  a2T I oW a ~ _  i a P  (1 .3)  
r Or arO~ ~ r Or a T  Or O~ " 

We s e t  ~I, = ~ ~  r P = P ~  ~~ P ~  
r e s p o n d  to the  u n p e r t u r b e d  f l a m e ) ,  and  a s s u m e  t h a t  

I * l < l  v~ tp i  < J P ~  (1.4) 

U s i n g  (1.1),  (1.4),  w e l i n e a r i z e d  E q s .  ( 1 . 2 ) a n d ( 1 . 3 )  

aa~p x o A ,  ( Q 
a---/- + 7 - 5 T  = o \ z =  - -  (1.5) 2~p ) 

a2~ V • a2~ ' ~" a~l; t a p  ( 1 . 6 )  
at ar T ~iT 4-  7""- ~i-r = pr a~ 

F r o m  (1.5),  we h a v e  

A i p = F ( t - -  r ~ /2 •  9), (1 .7)  

w h i c h  fo r  the  i n i t i a l  t i m e  is  

h * = F ( t - -  r e / 2 •  q$ = 0 .  (1.8) 

A s s u m i n g  t h a t  the  f r e s h - m i x t u r e  s o u r c e  is  no t  a 
v o r t e x  s o u r c e ,  a n d  t a k i n g  (1 .8)  i n to  a c c o u n t ,  we f ind  

t h a t A r  = 0 f o r  t>-- 0, 0 - ~ r  -- R a n d r  >-- ( 2 •  + R2) 1/2 = 

= D(t).  H e n c e ,  in l i n e a r  a p p r o x i m a t i o n ,  the  f low wi l l  
be  p o t e n t i a l  on ly  beyond  t h e  r i n g  R ~ r --<- DG). 

T h u s ,  a p e r t u r b a t i o n  l e a d s  to  the  s e p a r a t i o n  of a 
v o r t e x  d i s c o n t i n u i t y  s u r f a c e  f r o m  the  f l a m e  f r o n t .  
S ince  t he  v e l o c i t y  of t h i s  s u r f a c e  r e l a t i v e  to t he  g a s  is 
z e r o ,  the  t a n g e n t i a l  v e l o c i t y  c o m p o n e n t  c a n  h a v e  a 

d i s c o n t i n u i t y  w(~ ,  t) a t  r = D(t).  S ince  a t  the  i n i t i a l  
t i m e ,  on ly  the  f r o n t  is  p e r t u r b e d ,  we s e t  

w (9, 0) = 0. (1.9)  

w We w r i t e  the  l i n e a r i z e d  c o n d i t i o n s  fo r  m a s s -  
f low and  m o m e n t u m - c o m p o n e n t  c o n s e r v a t i o n  a t  t he  
f l a m e  f r o n t ,  t o g e t h e r  w i th  t he  c o n d i t i o n s  f o r  t he  c o n -  
s t a n c y  of t he  f l a m e  f r o n t  v e l o c i t y  r e l a t i v e  to the  g a s .  
F o r  r = R, we h a v e :  

m a s s  f low c o n t i n u i t y  

St 9~ = $2 92; (2 .1)  

n o r m a l  m o m e n t u m  c o m p o n e n t  c o n t i n u i t y  

p l - - p ~ = A R - a e ~ • 2 1 5  ( [A[  ~ R ) ;  (2.2)  

t a n g e n t i a l  m o m e n t u m  c o m p o n e n t  c o n t i n u i t y  

a , l 0A 
"~-r ( W - - r  /r O~ ( z 2 - - •  (2.3)  

and  c o n s t a n c y  of t he  n o r m a l  f r o n t  v e l o c i t y  r e l a t i v e  
to the  ga s  

aT + ~ A = -e- a-~, 

0 . A 
~ -  (W -- #~) = ~ (z~ -- • (2 .4 )  

Here A is the perturbation of the front. 
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The l inea r ized  conserva t ion  condit ions on the vor tex 
discont inui ty  surface  and the impene t rab i l i ty  condi-  
t ions of the surface for the gas, at r = D(t), are:  

continuity of the no rma l  momen tum component 

p~ --  p~ = 0; (2.5) 

impene t rab i l i ty  of the vor tex discont inui ty  surface  

o--~- ( r  - -  ~Pa) = 0 ( 2 . 6 )  

and poss ib i l i ty  of a !discontinuity of the tangent ia l  
veloci ty component 

0-~ (~2~-- ~p~) = w ((~,t) (2.7) 

(the combust ion product  p a r a m e t e r s  in the reg ion  r >-- 
>- D are  denoted by the subsc r ip t  3. ) 

w Let us show that the r ad ia l  f ield of a concen-  
t ra ted  source  has a s tab i l iz ing  effect on the f lame 
front .  To this end, we a s sume  that t he rma l  expansion 
is absent ,  i . e . ,  Pi =P~ =P;  S1 = S~ = S. Under these  
conditions,  a pe r tu rba t ion  of the f lame front  will  not 
lead to a d is turbance  of the veloci ty  and the p r e s s u r e .  

F rom the f i r s t  equation in (2.4), we have a p e r t u r -  
bat ion equation for the f ront  

0 A  x 
~ T  + -~  A = o. ( 3 . i )  

From here,  it is seen that the f lame front  is ab-  
solutely stable.  

We shal l  show that the hydrodynamic field of a con-  
cen t ra ted  sink flow has a des tabi l iz ing  effect on the 
front.  Indeed, a s suming  pl  =P2 =P,  S1 = $2 = S, in the 
same m a n n e r  as above, we get 

0 A  x 
at h ~ A = O "  

Thus, in this case,  the f lame front  is absolutely 
unstable .  If, however,  Pl > pa- -where  p~ is the com-  
bus t ion-product  densi ty-- the  des tabi l iz ing effect of 
t he rma l  expansion will add up with the des tabi l iz ing 
effect of the rad ia l  veloci ty field of the undis turbed  
f lame,  thereby inc reas ing  the ins tabi l i ty  of the front.  

w We expand the functions r p, A, w, and F into 
a Four ie r  s e r i e s  in ~0. The condit ions (2.2)-(2.7) r e -  
duce to the condit ions for the Four ie r  components  
(the subscr ip t  k denotes the k- th  Four ie r  component) 

A t . 
p ~  - -  p ~  = ~ ~•  ( x ~ - -  xi) ,  

ik  @ ( r  .i~) = "~  ( m -  ~), 

OA~ ~:~ Ak  ik 
at +-fie-  = - $ Y * ~ ,  

0 h - -  ~h) = @ ( x ~ - -  x~), p ~ - -  p ~  = 0, ik  

0 0 ~p~ - -  r  = , ~ -  ( @ ~ - -  r  = w~ (t). (4 .1)  

Equations (1.6) and (1.7) reduce  to the equations 
for the Four i e r  components  

Ot Or "]- "--r- O '~  "~ -'~- " ~  = - ~  P~ , 

O~-~p..e.@ t 0%.~ k ~" 
Or~ r Or r ~" ~e~ = F~ ' 

Or ~- ~ ; Or - - ~  ~ ' ~ = 0 "  (4.2) 

Making use of (4.1.2), (4.1.4), and (4.2.1)-(4.2.3),  
we t r a n s f o r m  condition (4.1.1) to 

O*" P1~41 F[t R2 ~ 
ator (p i~b l~- -p~)  = ~ ~. - - -~T)"  (4.3) 

In the same manne r ,  condit ion (4.1.5) conver ts  to 

t D~  ~,piF~ ( - - 2 ~ . . )  = D p , ~ .  (4.4) 

Here, however,  Fk(t - D2/2n2)  = Fk(-RZ/2~t2) = 0 
by v i r tue  of (1.8). 

Hence, (4.1.5) is equivalent  to 

d w h  / dt = O. 

From here ,  according to (1.9), we have w k = 0. 
Thus, the ini t ia l  condition (1.9) ensures  the continuity 
of the tangent ia l  veloci ty component at the surface  r = 
= D(t). Condition (4.1.7) takes the form 

(~h~--  r  = 0. (4.5)  

Now (4.1.5) is a coro l la ry  of (4.5) and, therefore ,  
for r = D(t), it is sufficient  to demand that only (4.1.6) 
and (4.5) be sat isf ied.  

w The case k = 0, which cor responds  to one -d i -  
mens iona l  pe r tu rba t ions  of the front,  leads to equa- 
t ion (3.1). This means  that for k = 0, the front is 
s table.  

For  k =1 ,  2, . . .  it is convenient  to pass  to d imen-  
s ionless  va r i ab les  with the aid of the following formulas :  

r = B + R~  / k ,  t = R~  / S2k, 

p~ = epl, i A  k = R{~ (~)/k,  

~Pk = R&o) (~, ~) / k, 

t t F k  = S~ k O (~ ~ ~ - -  ~ / 2k) 

Conditions (4.1.1)-(4.1.4),  (4.1.6), and (4.5) take 
the form 

o ~  ( ~ l - -  e~2) = 80, ( ~ - -  ~l) = ~ ( l  - -  0 ,  

o~- + -k- ~ -l- co, = O, 

( o l - - ~  +!~---+kS~=O ( ~ = 0 ) ,  

d o)~-- co~ = O, -ag (o)~--  o)~) - O, 

(~ = k (]/'i -4- 2~/k  - -  i ) =  d). ( 5 . i )  

Using d imens ion less  va r iab les ,  f rom (4.2.2)-(4.2.4) 
we get 

r = Ci(~) (t -{- ~ / k )  ~, (5.2) 
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~)~ = G (~) d + ~ / ~)-~ + c~ (~) (t + ~ / ~)~.) + 

, ~ (t ~ l V ( ~ + ~ ) ~  {~+~-~ 
o 

o):, = Ca(v) (t + ~ / k) -~. (5 .2 )  
( con t ' d )  

H e r e ,  t he  c o n d i t i o n  J~ll  < ~ f o r  r = 0, 0a ~ 0 fo r  
r ~ ~o is  t a k e n  i n to  a c c o u n t .  

F r o m  e q u a t i o n s  (5.1)  and  (5.2) ,  one  o b t a i n s  a s y s -  

t e m  of e q u a t i o n s  fo r  0 and  0 

a f t ' + b ~ ' +  0 = 0 ,  2 f f ' + c ~ =  

2 ( ~ : ~ z ) ) - ' / ~ d z  ' = i 0 (z ) ( t  + - V  
o 

-- ~ (i -- ~) (~ + ~) 
a =  b 

~ k 

k0 -- ~i_s,+s c= (~--~)(~o--/t)/~ (5.3) 

L e t  u s  e x a m i n e  t he  c a s e  k ~ ~o, w h e r e  (1 + 2 ( T -  

- z ) /k ) - (1 /2 )  k - -  eZ -T  
2 

If h e r e  Q - -  0% so  t h a t  Q / k  < co, we  a r r i v e  a t  t he  

s t a b i l i t y  p r o b l e m  f o r  a p l a n e  f l a m e  f r o n t ,  i n v e s t i g a t e d  
by  L. D. L a n d a u  [1] by the  m e t h o d  of w a v e  e q u a t i o n s .  

F o r  k - -  ~ ,  s y s t e m  (5.3)  c a n  be  r e d u c e d  to  a s i n g l e  
e q u a t i o n  f o r  

(l + e ) ~ "  + 2 e ~ ' + e ( e - - t )  0 = 0 .  

We s e t  ~ ( 0 )  = 0~,  t h e n  f r o m  (5 .3 .2)  we h a v e  0 ' ( 0 )  = 
= 3~(1 - e ) / 2 .  It f o l l o w s  t h a t  the  p l a n e  f l a m e  f r o n t  
is  a b s o l u t e l y  u n s t a b l e .  

The  s o l u t i o n  of  t he  e q u a t i o n  o b t a i n e d  c o i n c i d e s  a s -  
y m p t o t i c a l l y  w i t h  L a n d a u ' s  s o l u t i o n  [1]. 

w F o r  f u r t h e r  a n a l y s i s ,  i t  is  c o n v e n i e n t  to t r a n s -  
f o r m  s y s t e m  (5.3)  to  

~,=__t%2~exp--b~a _la ai0(z) exp - b ( ~ - a  z )dz  (6.1)  
0 

= A0 ~ f 0 (z) G ( ~ - -  z) 0 dz + 

0 

~oc (2b -- ac) exp -- b~ 
+ 2 ( 2 + a )  

a ( 2 \-~/~ h-1 oo = ~ (0), c (z) = ~ t + -~-  z ) + 

2b - -  ac --  b: 
+ a(2.+a) e x p - - a  (6 .2)  

We no t e  t h a t  

2b - -  ac = (kko - -  t )  / e k k  o > 0 f o r  k ~ i .  

In t he  f o l l o w i n g  we c o n s i d e r  O0 -> 0, w i t h o u t  l o s s  of 
g e n e r a l i t y .  

We p r o v e  t h a t O ' -  0 f o r  k > k 0 ( c  < 0). To t h i s  end,  
a s  c a n  b e  s e e n  f r o m  (6.1) ,  i t  is  s u f f i c i e n t  to  d e m o n -  
s t r a t e  t h a t  0 -.< 0. L e t  u s  e x a m i n e  a s e t  of f u n c t i o n s  
{U(T)}, s u c h  t h a t  - ~ e Y  T --< u(T) --< 0 ( ~ , 7  a r e  p o s i t i v e  
c o n s t a n t s ) .  We show t h a t  fo r  s u f f i c i e n t l y  l a r g e  ~ and  
7 ,  t h e  o p e r a t o r  A m a p s  t h i s  s e t  of f u n c t i o n s  in to  i t s e l f .  

To this end it is sufficient to show that 

1: 

Oe.~, (I G ( z )e_~zdz__  i ) 5oc(2b--ac)~(2~_,~_a) ~, 

o 

T h i s  i n e q u a l i t y  h o l d s  a f o r t i o r i  fo r  s u f f i c i e n t l y  l a r g e  
and  T. T h u s ,  - ~ e T ~ -  ~ An --< 0 w h e n  -~2e7 T _< u -< 0. 

F r o m  h e r e ,  a c c o r d i n g  to  t he  L e r a y - S c h a u d e r  t h e o r e m  
[2], t h e r e  e x i s t s  a 0(~-) -< 0 s u c h  t h a t  A0 = 0. 

In t he  s a m e  m a n n e r ,  one  c a n  p r o v e  t h a t  ~ '  -< 0 fo r  
k < k 0 ( c  >0 ) .  In t h i s  c a s e ,  0 m u s t b e  s o u g h t  a m o n g  
a s e t  of f u n c t i o n s  {u(~)},  s u c h  t h a t  

0 ~ u (~) ~ ~ (9~ = const). 

In o r d e r  t h a t  t he  o p e r a t o r  A m a p s  t h i s  s e t  in to  i t -  

se l f ,  i t  i s  s u f f i c i e n t  to  s a t i s f y  the  i n e q u a l i t y  

FZ G ( z ) d z - - i  q- 2(2--a), ~ 0 ,  
o 

w h i c h  is the  c a s e  at  s u f f i c i e n t l y  l a r g e  ~2, s i n c e  

i G(z) dz~t  ~1 (l c 

b (2 -~ a) 
0 

On the  b a s i s  of t he  a f o r e s a i d  and  (5 .3 .2) ,  i t  f o l l ows  

d i r e c t l y  t h a t  $ -> 0 fo r  k < k 0. 
w We show t h a t  ~ ~ ~o f o r  7 ~ ~,  k >k0 and  t h a t  

~ 0 fo r  T ~ o ,  a n d k < k  0. S i n c e 3 '  --- 0 f o r k <  k 0 
a n d ~  >__ 0, a n d 3 ' ~ 0 f o r  k <  k 0, to  p r o v e  t h e  a s s e r -  
t i on  f o r m u l a t e d ,  it is  s u f f i c i e n t  to show t h a t  ~ 5 
f o r  T ~ o ,  k ~ k 0 ( 0 <  6 < ~ ~  ). 

We s o l v e  the  p r o b l e m  w i t h  the  a id  of the  r e a l  L a p l a c e  

t r a n s f o r m  [3] 

co 

Lff --  1" e-~ff (~) d~ = ] (s). 
o 

If ~ ~ 5 for ~'~ 0% it is obvious that 

6 / s ~ / ( s )  f o r  k ~ k 0 , s > 0 a n d  

O ~ l ( s )  f o r  k > k 0 ,  s > 0 .  (7.1)  

From (5.3) it is easy to obtain an expression for 

f ( s )  

t%  a c s h - ~ 2 ( a - T b ) h ~ - 4  

f ( 3 )  = . ~ -  as2h+bsn+ 2 s +  c , (7.2)  

w h e r e  

i / 2't" \-1/, k 

o 

L e t  s ~ +O, t h e n  

f o r  k = 1, 2~ n (n > 2),  r e s p e c t i v e l y .  
F o r  s ~ +0, f r o m  (7.2)  and  (7.3) ,  we h a v e  

(7.3) 

f o r  k = 1, 2, n (n > 2), r e s p e c t i v e l y .  
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F rom here  it follows that the conditions (7.1) a re  
not sa t is f ied a l ready in the proximi ty  of s = 0. Hence, 

~ f o r  k > k 0 ,  a n d ~  ~ 0 f o r  k < k  o. 
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